We present exact analytical results for bright and dark solitons in a type of one-dimensional spatially inhomogeneous nonlinearity. We show that the competition between a homogeneous self-defocusing (SDF) nonlinearity and a localized self-focusing (SF) nonlinearity supports stable fundamental bright solitons. For a specific choice of the nonlinear parameters, exact analytical solutions for fundamental bright solitons have been obtained. By applying both variational approximation and Vakhitov-Kolokolov stability criterion, it is found that exact fundamental bright solitons are stable. Our analytical results are also confirmed numerically. Additionally, we show that a homogeneous SF nonlinearity modulated by a localized SF nonlinearity allows the existence of exact dark solitons, for certain special cases of nonlinear parameters. By making use of linear stability analysis and direct numerical simulation, it is found that these exact dark solitons are linearly unstable. 
Introduction
Optical solitons have been extensively investigated both theoretically and experimentally in the past several decades [1] , because of their potential applications in long-distance optical communication and high-speed information precessing [2] . The nonlinear Schrödinger equation (NLSE) is a fundamental model for the propagation of optical solitons in nonlinear media [2] , and can be solved by the inverse scattering transform method [3] . In recent years, solitons in media with spatially inhomogeneous nonlinearities have been a subject of research efforts [4] . Such nonlinearity modulation may be generated by using inhomogeneous doping [5, 6] . It has been shown that nonuniform nonlinearity can strongly modify the condition for existence of solitons. It is well-known that in uniform conservative systems, NLSEs with self-focusing (SF) and self-defocusing (SDF) cubic nonlinearities support bright and dark solitons, respectively. However, in nonuniform conservative systems, the NLSEs with pure SDF cubic nonlinearities, in the absence of any external linear potential, can support stable bright solitons [7, 8] . In the pioneering works [7, 8] , it was found that formation of stable bright solitons requires diverging nonlinearities. Three different types of nonlinearities were discussed, including anti-Gaussian, exponential [7] , and algebraic [8] nonlinearities. Subsequently, several other types of the SDF cubic nonlinearities have been shown to support stable bright solitons [9] [10] [11] [12] [13] [14] . In addition, this interesting finding has been extended to diverse settings [15] [16] [17] [18] [19] . For example, it was shown that bimodal systems with an anti-Gaussian-type SDF cubic nonlinearity can support stable bright vector solitons [15] . The media with uniform SDF cubic nonlinearity in the presence of anti-Gaussian-type losses allow stable dissipative solitons [16] . Bright solitons have also been found in SDF quintic [17] and nonpolynomial [18, 19] nonlinearities. Moreover, stable bright solitons can occur in a situation where the homogeneous SDF nonlinearity is modulated by a singular or localized SF nonlinearity with algebraic profiles [20] . In this paper, we consider a type of the one-dimensional spatially inhomogeneous nonlinearity. Two different situations are discussed: a homogeneous SDF nonlinearity modulated by a localized SF nonlinearity and a homogeneous SF nonlinearity modulated by a localized SF nonlinearity. In the first situation, we show that for certain specially chosen nonlinearity parameters, exact analytical solutions for the fundamental bright solitons can be found. The stability of the exact fundamental bright solitons is discussed analytically with the Vakhitov-Kolokolov (VK) stability criterion and numerically by means of both linear stability analysis and direct numerical simulation. In the second situation, we show that due to the presence of spatially localized SF nonlinearity, a pure SF nonlinearity can allow exact dark solitons under certain special conditions. By using linear stability analysis, we find numerically that these exact dark solitons are linearly unstable.
Exact solutions for bright and dark solitons
We begin with the optical system where the light propagates in nonlinear media along the direction. The scaled field amplitude ψ( ) obeys the NLSE [4] 
Here denotes the transverse coordinates. ( ) is the strength of the nonlinearity that varies along the direction. In optics, spatially inhomogeneous nonlinearities can be realized by using inhomogeneous doping [5, 6] . If is replaced by time , Eq. (1) can be used to describe the dynamics of matter waves in Bose-Einstein condensate (BEC). In BEC systems, the spatially modulated nonlinearity can be generated with Feshbach resonance in nonuniform external fields [21, 22] . We look for soliton solutions to Eq. (1) as ψ( ) = φ( ) exp ( ), where is the propagation constant and φ( ) is a real function. This results in the following equation for φ( )
In this work, we focus on a specific form of the nonlinearity
In quantum mechanics, the linear potential V ( ) = 0 + 1 sech 2 ( ) with certain special value of 1 is the wellknown reflectionless potential [23] which has been realized in optical systems [24, 25] . In the following, we shall show that for certain specific values of 0 1 , exact analytical bright and dark soliton solutions to Eq. (2) can be obtained in an explicit form. We also analyze their stabilities.
Exact bright soliton solutions and their stability
We first discuss the bright soliton solutions and their stability. It is found that for particular values of propagation constant = 1 and
Here η is a parameter. This bright soliton is valid in the range 1 < η < 4. From Eq. (4), we thus have 1 < −1 The resulting nonlinearity represents a homogeneous SDF nonlinearity superposed by a localized SF nonlinearity. The parameter η determines the depth = 3/(4 − η) of the nonlinearity ( ). As η is increased from 1 to 4, is increased from 1 to ∞. In addition, the norm of the exact fundamental bright soliton is determined by the parameter
As η is increased from 1 to 4, U is decreased from ∞ to 0. An important issue is the stability of our exact solutions. This is performed as follows. We use the linear stability analysis, and perturb them as ψ( 
The obtained exact soliton solution is linearly stable if and only if there are no eigenvalues with a positive real part. We compute numerically the eigenvalues with Fourier collocation method [27] . In addition, we can make use of operator-splitting method to numerically simulate the stabilities of the exact bright soliton solutions. We find from linear stability analysis that our exact analytical solution is linearly stable. In Figure 1 (a), we display the spatial profiles of the exact fundamental bright soliton in Eq. (5) and the associated nonlinearity for a fixed value of η = 2. For this given value of η = 2, we have ( ) < 0 only in the spatial range (− 1 1 ) where 1 is determined by 1 + 1 sech 2 ( 1 ) = 0. As η decreases in the range 1 < η < 4, 1 decreases. This implies that bright solitons can exist in a situation where SDF nonlinearity is dominant. In Figure 1(b) , we show a contour plot of |ψ( )| 2 to illustrate the stable propagation of the exact fundamental bright soliton for η = 2 by performing direct numerical simulation with NLSE (1).
If the parameter 1 is independent from the specific dependencies of η and = 1, exact analytical soliton solutions are not available at present. For families of fundamental bright solitons, approximate solutions can be constructed by a variational approximation where we adopt the ansatz suggested by the exact solutions,
Here U is the norm of the fundamental bright solitons, U = where
Here for simplicity, we fix the value of 0 = 1. With the variational approximation, we can apply the VK stability criterion to analytically discuss the stability of the exact soliton solution. It follows from the VK stability criterion U/ > 0 that families of fundamental bright solitons are stable for
This result implies that there is a critical value of 1 = 1 , below which the fundamental bright solitons are stable. In addition, to derive a physically acceptable soliton with U > 0, we further require > = −λ 1 . Although 1 and show a complex dependence on the parameter η, they display monotonic behavior with η, as shown in Figure 2 
Exact dark soliton solutions and their stability
Now we discuss dark soliton solutions and their stability. It is found that for specific values of
we have an exact solution for dark solitons
with propagation constant
This dark soliton solution is valid for η > 0 or −2 < η < −1. We only focus on the case of η > 0. In particular, when 0 < η < 2, we have 0 < 0. The resulting nonlinearity represents a homogeneous SF nonlinearity modulated by a localized SF nonlinearity. If η = 2, we have 0 = 0. The corresponding nonlinearity ( ) = −sech 2 ( ) is the spatially localized SF nonlinearity. By making use of linear stability analysis, it is found that the dark soliton solution is unstable for 0 < η < 2, as shown in Figure 3(a) , where we plot log 10 ( ) as a function of η in the range 0 < η < 12. Here denotes the largest values of real parts of eigenvalues, . In Figure 3(b) , we display the spatial profiles of the exact dark soliton and the associated nonlinearity for a fixed value of η = 2. In Figure   Figure 3 . 3(c), we show a contour plot of |ψ( )| 2 to illustrate the unstable propagation of exact dark soliton for η = 2 by using direct numerical simulation with NLSE (1). Finally, we note that in Ref. [28] , a different form of the nonlinearity has been discussed,
In such a nonlinearity, it has been shown that under the conditions of = 1 and
one can obtain an exact solution for fundamental bright solitons
This soliton is valid in the range −1 < κ < −1/2. For another set of nonlinear parameters
an exact dark soliton can be obtained
with the propagation constant = (κ − 2)/(1 + κ). This exact dark soliton is valid for κ > −1. It is evident that (17) and (19) .
in the case of κ > 2, we have 0 < 0 and 1 < 0. In the case of η = 2, we have 0 = 0 and thus ( ) = −6/(cosh 2 ( ) + 2). These exact solutions for bright and dark solitons are different from those obtained by us. In Ref. [28] , the exact bright soliton was found to be stable. The stability for dark solitons was not studied. Here, we further find, in such nonlinearity if
we can obtain another class of exact dark solitons
with the propagation constant = (3 + κ)κ. It is valid for κ > 0 and we have 0 < 0 and 1 < 0. By making use of the linear stability analysis, it is found that the two types of dark solitons are unstable linearly in a situation where the nonlinearity is SF, as shown Figure 4. 
Conclusion
In conclusion, we have presented exact analytical results for fundamental bright solitons and dark solitons in a type of one-dimensional spatially inhomogeneous nonlinearity. Under certain special conditions of the nonlinearity parameters, we have obtained exact fundamental bright solitons in a homogeneous SDF nonlinearity modulated by a localized SF nonlinearity. The stability for this bright solitons is discussed analytically and numerically. In addition, under certain special conditions, we have obtained exact analytical solutions for the dark solitons in a homogeneous SF nonlinearity modulated by a localized SF nonlinearity. Although we find by using the linear stability analysis that these exact dark solitons are linearly unstable, our results provide an analytical demonstration of the existence of the dark solitons in a pure SF nonlinearity.
